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Abstract

This paper outlines the development and product of a six degree of freedom Python model for the
tracking and control of a new Autonomous Underwater Vehicle developed at the Applied Physics Labora-
tory at the University of Washington. The final product is a force model which generates the acceleration
of the vehicle and an application that uses PID closed-loop controls to reach target positioning and allows
the vehicle to follow mission event files.

Figure 1: CAD Rendering of the Engineering Test
Vehicle

1. Introduction

The first Underwater Autonomous Vehicle (AUV)
was developed at the University of Washington’s
Applied Physics Lab (APL) in 1957 [4]. Nearly
70 years later, the Engineering Test Vehicle (ETV)
was developed in the same lab. The ETV is an un-
manned submersible vehicle designed to test oceano-
graphic data collection methods. The ETV was de-
signed and built 100% in house at the APL during
Spring and Summer 2024.

The ETV is similar in shape to other commer-
cial AUVs, featuring four steering fins at the tail
of the vehicle, a propeller capable of a maximum
speed of 5 m/s, and a cylindrical acrylic hull with
an elliptical nose cone and a tapered tailcone, as
seen in Fig.1. The ETV is around 100 pounds
in weight, 8 inches in diameter, and 68 inches in
length.

Currently, few models can accurately depict the
flight characteristics of AUVs, and because the ETV
is a brand-new vehicle, no such model exists at all.
For the ETV, we are interested in understanding
this vehicle’s behavior before it is deployed to help
develop control algorithms for planning research
missions and to identify potential areas for opti-
mization in the AUV’s design, should the vehicle
be modified in the future. This paper outlines the
creation of an AUV trajectory model, and is cre-
ated specifically for the ETV, but is general enough
for use on other vehicles. The program was created
in the Python coding language and accounts for the
linear and angular positioning and speed of the ve-
hicle, thus accounting for six degrees of freedom in
its trajectory. The software includes a force model
which solves for the acceleration of the vehicle, and
applications to run open and closed-loop control.
The closed-loop control application is able to guide
the AUV to target positions and execute mission
event files for collecting data in the field.

2. AUV Modeling

We model the AUV’s location in the linear X, Y,
and Z directions, as well as the angular roll (ro-
tation around the X-axis), pitch (rotation around
the Y-axis), and yaw (rotation around the Z-axis).

Almost all vectors used in calculations have the
dimensions of 6× 1 to represent the six degrees of
freedom in the movement of the AUV, with the
first three elements representing the linear compo-
nents of movement and the last three components
representing the angular. The velocity vector of



this AUV is depicted as

General Velocity Vector = ν =


u
v
w
p
q
r

 (1)

with u, v, w representing the linear velocities in the
X, Y, and Z directions, and p, q, r representing the
roll, pitch and yaw velocities.

The forces are

General Force Vector = F =


X
Y
Z
K
M
N

 (2)

with X,Y, Z representing the forces in the X,
Y, and Z directions and K, M , N representing the
torque around the roll, pitch, and yaw axes.

2.1. Coordinate Frames

We will work within two reference frames, the in-
ertial Earth frame and the non-inertial body frame
of the AUV. In the body frame, the origin of our
coordinate system is the center of buoyancy, and
all other coordinates are calculated about the cen-
ter of buoyancy. In this frame, X points towards
the nose of the AUV, Y points to its right side, and
Z points to the ’belly’ of the vehicle. In the iner-
tial Earth frame, X points north, Y points east,
and Z points downward towards the center of the
Earth, and the origin is the AUV’s starting posi-
tion. In our model, forces are computed internally
in the body-frame of the AUV, however the force
model outputs acceleration in the body frame and
velocity in the inertial frame.

Given an orientation of some roll (ϕ), pitch (θ),
and yaw(ψ), the rotation of a linear position, ve-
locity, or force vector from the inertial frame to
body frame can be expressed with matrix multipli-
cation shown in Fig. 3. This matrix first rotates
the X-axis, then Y-axis, then Z-axis. To trans-
form the vector back to the inertial frame, the in-
verse of Fig. 3 is used. When creating the model
in Python, Scipy’s rotation program from euler()

can be used. To rotate an angular velocity ω from
the body frame to the inertial frame, we use matrix
multiplication as shown in the following:1 sin(ϕ) tan(θ) cos(ϕ) tan(θ)
0 cos(ϕ) − sin(ϕ)
0 sin(ϕ) sec(θ) cos(ϕ) sec(θ)

×ωbody = ωinertial

(3)

Positive roll is defined as clockwise AUV rota-
tion (”right wing down”), positive yaw is defined as
an AUV rotation from the positive x-axis towards
the positive y-axis, and positive pitch is defined as
AUV rotation from the positive x-axis towards the
negative z-axis.

2.2. Mass and Added Mass

The force model uses Newton’s second law to solve
for the acceleration of the AUV, allowing the mod-
eling of its trajectory. This equation, shown in Eq.
4 requires a 6×6 mass and inertia matrix (M) and
a 6× 6 added mass matrix (Ma).

a = (M +Ma)
−1 × Fnet (4)

While a typical mass matrix contains only 6 terms
along the main diagonal, we must include off-diagonal
terms to represent the center of gravity’s offset
from the center of buoyancy, as seen in Fig. 2,
where xg, yg and zg are the offsets of the center of
gravity from the center of buoyancy [2].

Because the AUV is moving through water, we
must also account for added mass. Added mass
refers to the increased inertia that a body mov-
ing through a fluid has due to the fact that some
liquid surrounding the body moves with the vehi-
cle, increasing its observed mass. Our added mass
matrix was created using the framework laid out
in Bentes and Watts [2][6]. We note that many
of these terms equal zero, but the matrix is im-
portant to include to ensure that our AUV model
accelerates correctly.

3. Theory

When modeling the forces and torques that act on
an AUV, we divide them into five primary cate-
gories; forces and torques from hydrostatics (buoy-
ancy and gravity), lift and drag from fin deflection,
thrust and torque from the propeller, damping due
to hydrodynamic drag, and the Coriolis and cen-
trifugal forces due to the vehicle’s rotational mo-
tion. As mentioned in the previous section, each
force function detailed below will produce a 6 × 1
vector in the form of Eq. 2.

3.1. Hydrostatic Forces

AUVs are generally made positively buoyant so
that after its mission has finished the vehicle can
return to the surface for retrieval. The gravita-
tional force on the AUV ismg, wherem is the mass
and g is the acceleration due to gravity which acts
downwards. The buoyancy force opposes gravity,
and is ρgV ≈ mg, where ρ is the density of water
and V is the AUV’s displacing volume. The ETV
has a gravitational and buoyant force of around
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M =


m 0 0 0 m · zg −m · yg
0 m 0 −m · zg 0 m · xg
0 0 m m · yg −m · xg 0
0 −m · zg m · yg Ix Ixy Ixz

m · zg 0 −m · xg Ixy Iy Iyz
−m · yg m · xg 0 Ixz Iyz Iz



Ma =



Ẋu Ẋv Ẋw Ẋp Ẋq Ẋr

Ẏu Ẏv Ẏw Ẏp Ẏq Ẏr
Żu Żv Żw Żp Żq Żr

K̇u K̇v K̇w K̇p K̇q K̇r

Ṁu Ṁv Ṁw Ṁp Ṁq Ṁr

Ṅu Ṅv Ṅw Ṅp Ṅq Ṅr


Figure 2: The Mass and Inertia Matrix (M) and the Added Mass Matrix (Ma) cos θ cosϕ cos θ sinϕ − sin θ

− cosψ sinϕ+ sinψ sin θ cosϕ cosψ cosϕ+ sinψ sin θ sinϕ sinψ cos θ
sinψ sin θ + cosψ sin θ cosϕ − sinψ cos θ + cosψ sin θ sinϕ cosψ cos θ

× Finertial = Fbody

Figure 3: Rotating a force F from the inertial to body frame

440 N, but is likely to be ballasted by about one
pound of positive force.

Before we can apply these forces to our AUV,
we must rotate these forces out of the inertial earth
frame into the body frame of the AUV. The matrix
rotation is expressed in Fig. 3. After rotation, the
gravitational and buoyant forces are referred to as
Fg and Fb , respectively.

The torque from gravity acting on the center of
gravity is expressed as the cross product of the cen-
ter of gravity (with respect to the center of buoy-
ancy) and the body-frame gravitational force:

rcg × Fg =

xcgycg
zcg

×

Fxg

Fyg

Fzg

 =

τxgτyg
τzg

 (5)

Similarly, the torque from buoyancy can be ex-
pressed by the cross product of the center of buoy-
ancy and the body-frame buoyancy force:

rcb × Fb =

xcbycb
zcb

×

Fxb

Fyb

Fzb

 =

τxbτyb
τzb

 (6)

The total force on the AUV from hydrostatics is
Fg +Fb = Fh. The total torque from hydrostatics
is the sum of Eq. 5 and Eq. 6, yielding a 3 × 1
vector τh. To create the force and moment vector,
we create a 6 × 1 vector comprised of Fh stacked
on top of τh, which we label as FH.

3.2. Fin Lift and Drag

The ETV has four identical fins: a rudder on the
top and bottom of the AUV which control head-
ing, and an elevator fin on the left and right sides

of the AUV which control depth. The area of each
fin is 0.03 m2, and the airfoil of each fin is the
NACA-0009 9.0% smoothed airfoil [1]. From the
airfoil information, we were able to determine the
relationship between fin deflection angle (α) and
the related lift and drag values. α is the effective
angle of attack here, as we have estimated that
the slight linear slip the AUV may exhibit will not
have a meaningful effect. The drag values calcu-
lated here only account for drag caused by fin de-
flection. Undeflected fins also cause drag, but this
drag is accounted for in the damping matrix gener-
ated in Subsection 3.4, where Computational Fluid
Dynamics was run for the body of the ETV with
undeflected fins.

Figure 4: Front and Side View of Fins

To determine the value of the lift acting on a
single fin, we first find the value of Cl, the value
representing the coefficient of lift at a given α based
on the airfoil. The lift force value can then be
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expressed as

λ = 0.5ρv2 ×A|sinα| × Cl (7)

where v is the speed of the AUV along the x-
axis and A is the area of the fin.

The value of drag for a single fin is

δ = 0.5ρv2 ×A|sinα| × Cd (8)

where Cd is the coefficient of drag at a given
fin deflection. The torque on each fin is found by
taking the cross product of the fin’s center of pres-
sure (area) coordinates and the sum of the lift and
the drag forces on that fin.

For the elevators, we defined a fin deflection of
positive α to cause a positive pitch of the AUV.
A positive fin deflection of the rudders causes a
positive yaw of the AUV- a rotation towards the
right. Regardless of the sign of α, the drag force
always acts in the negative X-direction.

To find the total force and torque acting on
the AUV due to the fins, we calculate a force and
torque vector for each fin at its current deflection.
We then sum all four vectors, resulting in a 6 × 1
vector in the notation of F (Eq. 2). We call this
new fin force/torque vector FF.

3.3. Propeller Forces

To find the force generated by the propeller, we
adapted data from a similar propeller and scaled
it to fit our vehicle. Forward thrust is modeled
as a 2-D dependence on propeller revolutions per
minute (RPMs) and through-water speed. For our
propeller we believe it will generate approximately
66 N of thrust at 880 RPM and 2 m/s of through-
water speed. We assume an RPM, speed-thrust
dependence that follows the general form given by
curves supplied by a vendor for a different thruster,
shown in Fig. 5. We then scaled these curves to
fit our propeller data, and created a function that
determines the thrust based on current RPMs and
speed of the AUV. Thrust only acts in the positive
X-direction.

This is admittedly a very rough approximation,
but RPM-to-thrust is a minor concern; the model
is primarily focused on vehicle attitude behavior
and ability to hold depth and heading.

Torque generated by the propeller is small but
not negligible. Based on Prestero’s AUV, we esti-
mate that for every revolution per minute of pro-
peller speed, a roll torque of -0.0006 Nm is gen-
erated [5]. The propellers force/torque vector is
referred to as FP.

Figure 5: Prop. Thrust Model for Basis of our Thrust
Force Model

3.4. Damping terms

Movement underwater is limited by water resis-
tance, which acts in the opposite direction of move-
ment, thus damping the velocity of the AUV.While
damping can be analytically derived through ap-
proximations and generalizations, we chose to use
Computational Fluid Dynamics (CFD) for increased
accuracy. We used ANSYS/Fluent to calculate
the forces and moments on the vehicle for water
flow coming from the forward, side, top, and bot-
tom of the ETV. The resulting force/torque val-
ues were calculated in all 6 degrees of freedom
(X,Y, Z,K,M and N forces), and analysis of these
forces and moments were calculated at a range of
speeds. CFD were run for both the top and bottom
of the AUV due to asymmetry between the top and
bottom of the hull due to a protruding device used
to measure the AUV’s velocity. We fit each damp-
ing curve in both the linear and quadratic regimes
to determine coefficients of damping.

In code, we created a matrix of all quadratic
damping terms and another matrix of all linear
terms. The quadratic matrix is:

Dq =


Xuu Xvv Xww Xpp Xqq Xrr

Yuu Yvv Yww Ypp Yqq Yrr
Zuu Zvv Zww Zpp Zqq Zrr

Kuu Kvv Kww Kpp Kqq Krr

Muu Mvv Mww Mpp Mqq Mrr

Nuu Nvv Nww Npp Nqq Nrr


The linear damping matrix is:

Dl =


XuL XvL XwL XpL XqL XrL

YuL YvL YwL YpL YqL YrL
ZuL ZvL ZwL ZpL ZqL ZrL

KuL KvL KwL KpL KqL KrL

MuL MvL MwL MpL MqL MrL

NuL NvL NwL NpL NqL NrL


Our CFD model only accounts for damping due

to movement in the u, v, and w directions, and
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does not account for damping due to rotational
motion. We are most interested in the damping
terms along the main diagonal of the damping ma-
trix: Kpp (damping in theK direction due to change
in roll ), Mqq (damping in the M direction due to
change in pitch), or Nrr ( damping in the N di-
rection due to change in yaw). We adopted val-
ues for these terms from Prestero’s 6DOF AUV
model, which features a comparably shaped AUV
[5]. Prestero’s model only features quadratic fit
for these terms, so the diagonal angular damping
terms have no linear counterpart.

To compute damping values, the linear damp-
ing matrix is multiplied by the AUV’s current lin-
ear and angular velocity vector, ν. Similarly, the
quadratic damping matrix is multiplied by a vector
of the current velocities multiplied by their abso-
lute values. This ensures that the quadratic damp-
ing terms retain their polarity and act in the in-
tended direction.

Dq ×


u · |u|
v · |v|
w · |w|
p · |p|
q · |q|
r · |r|

+Dl × ν = FD

The resulting vector is composed of the X, Y ,
and Z damping forces in the first three elements
and the K, M , and N damping torques in the last
three elements.

3.5. Coriolis and Centrifugal forces

Because our objects movement is expressed in the
non-inertial body frame of our rotating AUV, we
must include the fictitious Coriolis and centrifugal
forces. The general equations for the Coriolis and
centrifugal force are

FCoriolis = −2m(Ω× v) (9)

FCentrifugal = m(Ω× (Ω× r)) (10)

whereΩ is the angular velocity of the rotating ref-
erence frame, v is the velocity of the object within
the rotating reference frame, and r is the position
vector of the object relative to the axis of rotation.
Per Bentes and Fossen, these forces can be com-
bined into matrix form as seen in Fig. 6, where
xg, yg, and zg are the X, Y, and Z coordinates of
the center of gravity in relation to our origin [2]
[3].

To find the total effect of these forces on our
AUV, we must also factor in the effect of added
mass. Thus, the total equation for Coriolis force is

(Ma × ν − C)× ν = FC (11)

3.6. Total Force Calculations

The above calculations yield five 6×1 vectors. The
total force/torque vector can be expressed as

Fnet = FH + FF + FP + FD + FC

Using Newton’s famed second law (F = m ×
a), we can extract the acceleration of our AUV by
premultiplying the inverse of the sum of our mass
and added mass matrices with the total forces and
torques, as shown in Eq. 4.

The product is a 6 × 1 acceleration vector, in
which the first three elements are the acceleration
along the X, Y , and Z axis, and the last three
elements are the roll, pitch, and yaw acceleration.
These accelerations are in the body frame. Eq.
4 is the core equation of this program, and the
integration of acceleration allows us to model the
flight characteristics as a function of time.

4. Model Dynamics and Controls

Our implementation is divided into three major
components: the force model, the integrator, and
two control system applications. The force model
and integrator are represented in a single Python
module, which is callable from an open-loop demon-
strator or closed-loop controller. In addition, the
specific parameters for the target vehicle are en-
coded outside of the force model, so this model can
be easily altered for the modeling of other AUVs.
Additionally, any external control system can call
and use the force model due to its modular nature.

4.1. Force Model

This model computes the current forces/torques
and determines the acceleration acting on the AUV
by using Eq. 4 . The input of the force model
is the position of the vehicle in the inertial frame
and the velocities in the body frame, as well as the
propeller RPM and fin deflection angles. The force
model rotates the position into the body frame of
the AUV, then calculates the value of Fnet to find
the total acceleration of a, as shown in Eq. 4 The
model then rotates the velocity back into the in-
ertial frame, and returns a vector containing the
inertial velocities and body-frame accelerations.

4.2. The Integrator

A 4th order Runge-Kutta (RK4) integrator is used
to determine the position and speed of the AUV
along all 6 degrees of freedom from the current ve-
locity and acceleration. At each time step, the out-
put of the force model is fed into the RK4, where
the RK4 integrates these values twice to extract
the current position from velocity and the current
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
0 0 0 m(ygq + zgr) −m(xgq − w) −m(xgr + v)
0 0 0 m(ygp+ w) −m(ygp− w) −m(ygr − u)
0 0 0 m(zgp− v) −m(zgr + xgp) m(zgp+ ygq)

−m(ygq + zgr) m(ygp+ w) m(zgp− v) 0 Iyzq + Ixxp− Ixzr Ixzr + Ixyp− Iyq
m(xgq − w) −m(zgr + xgp) m(zgq + u) −Iyzq − Ixxp+ Ixzr 0 −Ixzr − Ixyq + Ixp
m(xgr + v) m(ygr − u) −m(zgq + u) Ixzr + Ixyq − Iyq −Ixzr − Ixyq + Ixp 0


Figure 6: Coriolis and Centrifugal Force Matrix, C

velocity from acceleration. The output of the in-
tegrator is a vector containing the inertial position
values and body-frame velocity values. The RK4
method updates the solution from yn at time tn to
yn+1 at time tn+1 = tn + h by calculating the four
”slopes”,

k1 = f(tn, yn)

k2 = f

(
tn +

h

2
, yn +

h

2
k1

)
k3 = f

(
tn +

h

2
, yn +

h

2
k2

)
k4 = f(tn + h, yn + hk3)

Then updating the solution:

yn+1 = yn +
h

6
(k1 + 2k2 + 2k3 + k4)

The RK4 integrates once over the given step
size h (generally 0.1 seconds). The RK4 is run
again with new accelerations and velocities cal-
culated by the force model after the time step,
constantly looping through for the duration of the
AUV’s modeled trajectory, generally simulating a
few minutes to hours of the vehicle’s flight.

4.3. Applications

The model can be exercised using either open or
closed-loop controls. Open-loop demonstrating, also
called open-loop control, is a method of direct-
ing the AUV without feedback, where the instruc-
tions for the AUV are predefined before launch as
a sequence of time-scripted events. In open-loop
demonstrating for this model, fin angles and pro-
peller RPM are determined before the simulations
is run and the open-loop control algorithm sim-
ply reads the event file and feeds it to the force
model. Our application use a .csv file to store
controller information, but a .json or .txt could
also be used. These commands are based on time
duration, where a model event file may look like
this:

Closed-loop control is a feedback algorithm in
which an actuator response is calculated based on

t RPM Rudder α Elevator α
0 0 0 0
20 880 0 0
40 880 5◦ 0
60 880 5◦ 3◦

Table 1: Example Event File for Open-Loop Demon-
stration

the error between the target and actual state. Sim-
ilar to open-loop demonstrating, an event file is
created which states the target depth, heading,
and rpm of the vehicle at given time intervals.

t RPM Target Heading Target Depth
0 600 90 ◦ 25
20 880 180 ◦ 35
40 880 270 ◦ 35
60 880 360 ◦ 45

Table 2: Example Event File for AUV Closed-Loop
Control

Using a PID (Proportional, Integral, Deriva-
tive) control algorithm, the difference between the
AUV’s target and current states at each control
step is calculated. It makes adjustments to the fin
positions at some predetermined interval to con-
trol trajectory. PID controls account and correct
for the speed of the vehicle and the individual ten-
dency of the vehicle to deviate from its course.

Our PID control algorithm adjusts the fin po-
sitions for target heading, depth, and roll values.
Eq. 12 shows how the elevator response is calcu-
lated based on some error ∆ for the depth control,
and Table 3 shows the coefficients used in the three
PID control equations.

α = Kp∆depth +Ki

∑
∆depth +Kdw (12)

Heading is controlled through rudder deflec-
tions and depth is controlled through elevator de-
flections. Roll is controlled by cross-deflecting the
fins to induce K torque. Target roll is always set
to zero, and fin cross-deflection is only activated if
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Depth Yaw Roll
Kp 0.6 0.3 0.25
Ki 0.005 0.01 0
Kd 0.4 0.2 1

Table 3: PID Coefficients for Depth, Yaw, and Roll
control

roll is greater than 1◦. This control system features
a deadband of 2 meters of depth error and 2◦ of
yaw error, and if the AUV is within this deadband,
the fins will rest at a trim value and will not move
until the deadband is exited. While both open
and closed loop control allows for adjustments in
RPMs, we do not close the loop on target speed.
This is because we can generally characterize the
relationship between RPMs and speed empirically,
and this will hold unless the model changes signif-
icantly.

The control system iterates through the force
model and integrator once per second, whereas the
time step of the integrator is generally run at ten
iterations per second. The one-second time step
is a reasonable rate at which actual fin deflections
could be effected. This model uses a nested loop
design, where the control algorithm is not called
for every iteration of the integrator, and the model
can update the current position and velocities of
the vehicles without updating the actuator states.
A sample loop showing the interactions between
the force model, the integrator, and the controls is
shown in Fig. 7.

Figure 7: Closed-loop Control Diagram

Figure 8: The Linear and Angular Trajectory of AUV
at 2 m/s during Open-Loop Control

5. Results

The resulting model suggests a vehicle which may
display some instability, but can be controlled.

The model displays a heading bias that causes
the vehicle to change heading by roughly 15◦ in
the positive direction (turning to starboard) when
the AUV is moving at around 2 m/s with zero
fin deflection over a 500 second run time during
open-loop controlling (Fig. 8). The AUV climbs
150 meters towards the surface over this duration,
likely due to the positive buoyancy of the ETV.
We observe intense roll oscillations between 25◦

and -25◦, but roll can be almost completely elim-
inated with closed-loop control. The cause of the
roll and heading instability is likely due to the un-
equal mass distribution between the head and tail
of the vehicle, as well as due to the cross-flow drag
terms due to radial asymmetry on the hull.

This instability suggested by the model is likely
exaggerated. However, at the time of writing, no
flight data in the field has been gathered yet, and
until actual flight data is available we will not be
certain. Given that the ultimate goal of this work
is to develop a robust control system, a model
which overestimates instability is in fact a useful
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tool - if we can demonstrate control of the more
”energetic” modeled vehicle we are much more con-
fident that we will be able to control the vehicle
itself.

We are able to control the vehicle’s heading,
roll, and depth with the PID algorithm. In Fig.
9 and Fig. 10, we ran closed loop controls for a
’lawn-mower’ path for about two hours of elapsed
time, with the AUV switching between a target
heading 90◦, 0◦, and -90◦, and a target depth of
25 m. While we do observe some oscillations in
depth, these oscillations only arise after a change in
target heading due to the PID controlling settling
to the new target positioning. These oscillations
are damped after a few minutes of run time at a
target position.

Figure 9: Linear and Angular Trajectory from
Closed-Loop Control

These results show that we can control the tra-
jectory of the AUV, and the vehicle will follow
event files with acceptable accuracy. By testing
various target headings and depths, we observed
that the AUV will consistently reach its target
states in a timely fashion and stay at those states
until a new target state is commanded.

Figure 10: 3D Trajectory from Closed-Loop Control
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